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PROBLEM

Experiments 1n horticultural and agricultural research are often set up with two or more treatment factors. Using the analysis of variance and the corresponding F-tests for the main and
interaction effects offers only global inference. If the interactions are the parameters of interest, methods are required detecting the source of significant global interaction. Gabriel et. al.
provide a procedure to make inferences on a finite set of interaction contrasts. Unfortunately in most cases this selected family of intercation contrasts does not cover the research question

and 1s 1n addition not implemented 1n standard statistical software.

The presented approach takes both the structure of each factor and the research question into account by building user defined contrasts. This leads to a small subset of all possible
interaction contrasts and therefore improves the interpretability. Simultaneous inference for this user specified interaction contrasts 1s available by using quantiles of the multivariate
t-distribution. In addition to adjusted p-values we recommend the use of simultaneous confidence intervals to present the direction, magnitude and the relevance of the comparison of

Interest.

THE MODEL

We assume the following fixed effects model tor a completely randomized two-factorial

design that reflects the effects of treatments A and B and the A B-interaction in terms of
the ANOVA model:

Vs — [ @ = (O = (T = =
withe =1,2,...,1,7=1,2,...,Jand k = 1,2,...,n,;; The corresponding cell means
model is given by:
Vaonm = Mg A S50
with p;; the mean of the cell with treatment level 2 and j. The effects of the factorial model
can be reformulated in sense of the cell means model as follows:

e main effect A: a; = ;. — ..

e main effect B: 8, = u.; — ..

e interaction effect: (af)i; = pij — pi. — pb.; + fb..

e simple A; effect for level Bj: a;p,) = a; + (aB)ij = pij — p.;

SIMULTANEOUS INFERENCE

For simplicity the parameter vector of the cell means model 1s reformulated
aS:(Lb11y e v oy 1Ty 421y oy 2T, 11, .- 1g) = (M1,...,Mns). Interest 1s 1n simultane-
ous estimation of m = 1,..., M linear combinations of the parameters ns: 0,, =
Zle CmsT)s. The goal 1s to test the hypotheses:

M M
This test can be performed using the test-statistic: T}, = 2m=tm where s,, is the variance

Vsm
estimate of 6,, and [,,, is a user specified constant chosen by the researcher (often set to 0).

Simultaneous (1-«) confidence intervals for 6,,, are given by:

Om * q(M,R,1—«,2—sided) "V Sm-

The equicoordinate quantile g 1s taken from a M-variate t-distribution with correlation
matrix R with elements depending on the chosen contrasts and the sample size:

Zle Cmscm’s/ns
) —
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INTERACTION CONTRASTS

Gabriel et. al. distinguished several types of interaction contrasts. The most commonly
known are the interaction residuals, that are the interaction effects of the ANOVA model,
and the tetrad contrasts, ;5 — 5 — phi0 + s (¢ # 5,4 # 7' ),which are direct products
of pairwise differences.

A more appropriate approach 1s to define a set of contrasts for each factor, leading to a
contrast matrix for each factor. Building the direct (Kronecker) product of this matrices
with respect to the factorial ordering leads to an interaction contrast matrix that reflects
the treatment structure of each factor and takes the research question into account. This
approach has the following characteristics

e cnables more detailed inferences than the global F-test
e takes subsets of all possible contrasts

e reflects the structure of each experimental factor

e specifies the research question

e simultaneous inference 1s possible using the quantiles of the multivariate t-
distribution (Hothorn et. al.)

EXAMPLE

In Petersen (1985)
the effect of row
spacing on the
yield of different 50 -
varieties of bush
beans was 1nvesti-

bushy tall
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four varieties differ £ B3 20cm
such that "New 535 - ' BS 40cm
Era" and "Big = é__'_L — B3 e0cm
Green" form low, 0 |

bushy plants and .
the two varieties
"Little Gem" and 20 - |
"Red Lake" form — | T

. BigGreen NewEra LittleGem
erect plants with Variety
few branches. The chosen row spacing were 20, 40 and 60 cm between rows. Taking the
experimental layout of the trial into account leads to the following user defined contrast

matrices:

N
ol
|

RedLake

—0.0 —-0.0 0.5 0.9 1 —1 0
CVariety _ 1 1 0 0 CSpacing _ 1 0 —1
0 0 -1 1 0 I —1

The corresponding interaction contrasts are given by the Kronecker product C'V @€ty ) CSpacing.

Variety : BigGreen NewFEra LittleGem RedLake
Spacing : 20 30 40 20 30 40 20 30 40 20 30 40
/ 0.5 —0.5 0 05 —0.5 0 —0.5 0.5 0 —0.5 0.5 0 \
0.5 0 —0.5 0.5 0 —-05 —0.5 0 05 —0.5 0 0.5
0 0.5 —0.5 0 0.5 —0.5 0 —0.5 0.5 0 —0.5 0.5
. 1 —1 0o -1 1 0 0 0 0 0 0 0
(- 1 0 1 -1 0 1 0 0 0 0 0 0
0 1 —1 0 —1 1 0 0 0 0 0 0
0 0 0 0 0 0 1 —1 0 —1 1 0
0 0 0 0 0 0 1 0o —1 —1 0 1
\ 0 0 0 0 0 0 0 1 -1 0 —1 1 /
Test-statistics, adjusted p-values and simultaneous confidence intervals:
t value Pr(>t)
-3.140 0.02829 40-60 -
-7.556 < le-04 20-60 - bushy-tall
-4.416 0.00088 20-40 -
3
1388 0.72129 T 40-60 1
O within bushy
-2.429 0.14608 £ 20-60 - (NewEra
% —-BigGreen)
-1.041 0.90465 o 20-40 -
<
S
-0.833  0.96515 & 40760~ n
within tall
-1.874 0.39952 20-60 - (LittleGem
—RedLake)
-1.041  0.90465 20-40 -
-25 -20 -15 -10 -5 0 5

Yield difference (kg/plot)
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